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TELEPORTATION OF CONTINUOUS QUANTUM
VARIABLES: A NEW APPROACH
S. NAGAMACHI AND E. BRU¨NING
Abstract. Teleportation of optical field states (as continuous
quantum variables) is usually described in terms of Wigner func-
tions. This is in marked contrast to the theoretical treatment
of teleportation of qubits. In this paper we show that by using
the holomorphic representation of the canonical commutation rela-
tions, teleportation of continuous quantum variables can be treated
in complete analogy to the case of teleportation of qubits. In order
to emphasize this analogy, short descriptions of the basic experi-
mental schemes both for teleportation of qubits and of continuous
variables are included. We conclude our paper with a brief discus-
sion of the effectiveness of our description of continuous variable
teleportation and of the role of localization of quantum states in
teleportation problems.
1. Introduction
The essence of the quantum information processing consists in (1)
generating quantum entanglements among quantum systems, (2) con-
trolling the quantum entanglements. Quantum teleportation contains
the essence of quantum information processing ((1) and (2)). Quan-
tum teleportation will play an important role in the realization of the
quantum computer.
Quantum teleportation is first discovered in 1993 by Bennett et al.
[2]. A few years later two experimental reports on quantum teleporta-
tion were published, in 1997 by Bouwmeester et al. [4], and in 1998 by
Furusawa et al. [10].
The experiment (by Bouwmeester et al. [4]) for the teleportation of
photon states (qubits) is difficult, because the efficiency of single photon
experiments is presently restricted in principle due to the inability to
identify all four Bell states, and also in practice by the low efficiency
of single photon production and detection. In contrast, the important
feature of the technique used in the experiment for the teleportation
of optical field states by Furusawa et al. [10] is its high efficiency.
This is due to the in principle ability to perform the required joint
measurements and the technical maturity of optical field detection.
The experiment of Furusawa et al. [10] is often considered to be the
first experimental realization of quantum teleportation.
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The purpose of this lecture is to present teleportation of photon
states and optical field states in a unified way, with emphasis on a new
approach to teleportation of optical field states (quantum teleportation
of continuous quantum variables), based on the holomorhic represen-
tation of the canonical commutation relations instead on the use of
Wigner functions. Here we try to have our lecture self contained as far
as possible (not with respect to the underlying literature but respect
to the arguments which are used).
The mathematics for the teleportation of photon states (qubits) is
the theory of 8×8 matrices, that is, the theory of 8 dimensional Hilbert
spaces. However, in order to describe the optical field states we need the
theory of infinite dimensional Hilbert spaces. The experiment uses the
entangled states of squeezed laser beams with squeezing parameter r.
Since we can neither generate an infinitely squeezed (r =∞) EPR state
nor prepare ideal detectors with efficiency 1, we cannot have complete
teleportation ψout = ψin. We have to measure the quality of the output
state ψout. To do so, one often uses the notion of fidelity which is
defined by F (ρ, σ) = tr
√
ρ1/2σρ1/2 for density operators ρ and σ.
In the description of teleportation of continuous quantum variables,
one often uses the Wigner function which allows a compact form for
the output state ψout for a given coherent input state ψin and has
an intimate connection with the fidelity (see [6]). Such a formulation
sets the theoretical description teleportation of continuous quantum
variables apart from the description of teleportation of qubits which is
based on the use of state vectors and projective measurements.
In order to understand the essence of the teleportation of continu-
ous quantum variables and to show the close analogy to teleportation
of quibits, we use the “holomorphic representation” of the canonical
commutation relations (CCR), which was introduced by Bargmann
[1]. This representation allows to derive easily explicit formulae for
the theoretical description of the basic operations and objects used in
the experiment.
The contents of this lecture can briefly be described as follows: In
Section 2, we recall quantum teleportation of qubits, in Section 3, we
present briefly the experiment of teleportation of qubits. In Section
4, we introduce the holomorphic representation of CCR and deter-
mine explicitly the kernels of the mathematical operations (Bogoliubov
transformation) which are needed in the Section 5 to derive the mathe-
matical realization of the devices for the manipulation of photon states
(squeezed vacuum state, half-beam splitter, displacement operator).
The theory of laser and parametric oscillator (amplifier) are impor-
tant for quantum teleportation but not included in this lecture. We
refer for example to [13, 7]. In Section 6, we present our approach
to quantum teleportation of continuous variables. In Section 7, the
experiment made by Furusawa et al. [10] is briefly presented with a
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discussion of a controversy about this experiment. Some remarks on
the notion of locality in the theory of quantum teleportation conclude
this lecture.
For the convenience of the reader, the first part of an appendix ex-
plains the notion of generalized states (which play an essential roˆle in
our approach) and mentions some basic properties; the second part
gives the detailed proofs for the results presented in Section 4.
2. Teleportation of qubits
For the teleportation of qubits
|ψ〉 = α|0〉+ β|1〉 ⇔
(
α
β
)
∈ C2, |0〉 =
(
1
0
)
, |1〉 =
(
0
1
)
the following single qubit gates are used:
X =
(
0 1
1 0
)
, X
(
α
β
)
=
(
β
α
)
, X(|0〉, |1〉) = (|1〉, |0〉),
Y =
(
0 −i
i 0
)
, Z =
(
1 0
0 −1
)
, H =
1√
2
(
1 1
1 −1
)
= (X+Z)/
√
2,
H(|0〉, |1〉) = 1√
2
(|0〉+ |1〉, |0〉 − |1〉).
The matrix H is called the Hadamard gate.
In order to treat multi-qubits, we must consider composite systems.
Axiom of composite system: The state space of the composite phys-
ical system is the tensor product of the state spaces of the component
physical systems. Moreover, if we have systems numbered 1 through
n, and system number i is prepared in the state |ψi〉, then the state of
the total system is |ψ1〉 ⊗ |ψ2〉 ⊗ · · · ⊗ |ψn〉.
The two qubit gate (Controlled-Not gate) MCNOT will play an impor-
tant role in our lecture. This gate acts on the basis vectors
|ij〉 = |i〉 ⊗ |j〉 = |i〉|j〉
as follows:
MCNOT (|00〉, |01〉, |10〉, |11〉) = (|00〉, |01〉, |11〉, |10〉).
2.1. EPR pair, Bell states. The essence of quantum information
science is quantum entanglement and its manipulation. The entan-
gled states |βij〉 called EPR pair or Bell states are created by using
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Hadamard gate H and controlled-not gate MCNOT:
(2.1)
MCNOT (H ⊗ I)|00〉 = 1√
2
MCNOT (|0〉+ |1〉)⊗ |0〉 = 1√
2
(|00〉+ |11〉) = |β00〉,
MCNOT (H ⊗ I)|01〉 = 1√
2
MCNOT (|0〉+ |1〉)⊗ |1〉 = 1√
2
(|01〉+ |10〉) = |β01〉,
MCNOT (H ⊗ I)|10〉 = 1√
2
MCNOT (|0〉 − |1〉)⊗ |0〉 = 1√
2
(|00〉 − |11〉) = |β10〉,
MCNOT (H ⊗ I)|11〉 = 1√
2
MCNOT (|0〉 − |1〉)⊗ |1〉 = 1√
2
(|01〉 − |10〉) = |β11〉.
Remark 2.1. The canonical basis |ij〉 can be written in terms of the
Bell basis |βij〉 as follows:
(2.2)
|00〉 = 1√
2
(|β00〉+ |β10〉), |11〉 = 1√
2
(|β00〉 − |β10〉),
|01〉 = 1√
2
(|β01〉+ |β11〉), |10〉 = 1√
2
(|β01〉 − |β11〉).
2.2. Description of quantum measurement. Axiom of quan-
tum measurement: Quantum measurements are described by a col-
lection {Mm} of projection operators which appear in the spectral de-
composition of the observable
M =
∑
m
mMm.
The index m refers to the measurement outcomes that may occur in
the experiment. If the state of the quantum system is |ψ〉 (‖|ψ〉‖ = 1)
immediately before the measurement then the probability that result
m occurs is given by
p(m) = 〈ψ|Mm|ψ〉,
and the state of the system after such an ideal measurement is
Mm|ψ〉√〈ψ|Mm|ψ〉 .
The projection operators satisfy the completeness equation,∑
m
Mm = I = Identity operator on the state space.
2.3. Quantum teleportation. Now we can describe the process of
quantum teleportation, which is illustrated in Fig. 1.
(1) Alice and Bob prepare an EPR pair |β00〉AB
|β00〉AB = 1√
2
(|0〉A ⊗ |0〉B + |1〉A ⊗ |1〉B) = 1√
2
(|0〉A|0〉B + |1〉A|1〉B)
by applying a Hadamard gate and a controlled-not gate to the
state |0〉A ⊗ |0〉B, the composite state of Alice’s state |0〉A and
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Bob
Bell state measurement
Quantum entanglement Unitary transformation
Hadamard Gate Controlled Not-Gate
Measurement
X Gate
Z Gate
Figure 1. Quantum circuit of teleportation. Victor’s
state |ψ〉V is given to Alice and reproduced at Bob’s lab-
oratory.
Bob’s state |0〉B. Now Alice and Bob share the state |β00〉AB
(|0〉A, |1〉A are Alice’s states, and |0〉B, |1〉B are Bob’s states).
Victor gives Alice a state |ψ〉V (‖|ψ〉V ‖ = 1) to send to Bob.
The state of the total system is
|ψ0〉 = |ψ〉V ⊗ |β00〉AB = (α|0〉V + β|1〉V )⊗ 1√
2
(|0〉A|0〉B + |1〉A|1〉B).
The state |ψ0〉 = |ψ〉V ⊗ |β00〉AB can be rewitten as:
|ψ0〉 = (α|0〉V + β|1〉V )⊗ 1√
2
(|0〉A|0〉B + |1〉A|1〉B)
=
1√
2
[α|0〉V |0〉A|0〉B + α|0〉V |1〉A|1〉B
+β|1〉V |0〉A|0〉B + β|1〉V |1〉A|1〉B]
=
1
2
[α(|β00〉V A + |β10〉V A)|0〉B + α(|β01〉V A + |β11〉V A)|1〉B
+β(|β01〉V A − |β11〉V A)|0〉B + β(|β00〉V A − |β10〉V A)|1〉B]
=
1
2
[|β00〉V A(α|0〉B + β|1〉B) + |β01〉V A(α|1〉B + β|0〉B)
(2.3) + |β10〉V A(α|0〉B − β|1〉B) + |β11〉V A(α|1〉B − β|0〉B)].
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(2) Alice performs the Bell-state measurement, a measurement which
determines |βij〉, and the state of the system after the measure-
ment is

|β00〉V A(α|0〉B + β|1〉B) if (ij) = (00)
|β01〉V A(α|1〉B + β|0〉B) if (ij) = (01)
|β10〉V A(α|0〉B − β|1〉B) if (ij) = (10)
|β11〉V A(α|1〉B − β|0〉B) if (ij) = (11)
.
(3) Alice sends the classical information (ij) to Bob. Then Bob
sends Bob’s qubit through I,X, Z,XZ according to the result
(00), (01), (10), (11), obtaining α|0〉B + β|1〉B.
(4) Since the operator (H⊗I)MCNOT is the inverse of the operator
MCNOT (H ⊗ I), (H ⊗ I)MCNOT sends the Bell basis |βij〉V A to
the canonical basis |ij〉V A = |i〉V ⊗|j〉A of product states. Thus
Alice’s Bell-state measurement is performed by sending the Bell
basis to the canonical basis |ij〉V A and making the measurement
determining |ij〉V A. In practice, Alice sends her qubits through
a CNOT gate, and then the first qubit through a Hadamard
gate H , obtaining
1
2
[|00〉V A(α|0〉B + β|1〉B) + |01〉V A(α|1〉B + β|0〉B)
(2.4) + |10〉V A(α|0〉B − β|1〉B) + |11〉VA(α|1〉B − β|0〉B)].
Let Mij = |ij〉V AV A〈ij| ⊗ IB, (i, j = 1, 2). Then these projec-
tion operators satisfy the completeness equation.
(5) Alice performs a measurement {Mij}, i.e., measures the observ-
able M =
∑1
i,j=0 (2i + j)Mij . The probability that result (ij)
occurs (equivalently m = 2i+ j) is
p(ij) = 〈ψ2|Mij |ψ2〉 = 1
4
,
and the state of the system after the measurement is
Mij |ψ2〉√〈ψ2|Mij|ψ2〉 =


|00〉VA(α|0〉B + β|1〉B) if (ij) = (00) m = 0
|01〉VA(α|1〉B + β|0〉B) if (ij) = (01) m = 1
|10〉V A(α|0〉B − β|1〉B) if (ij) = (10) m = 2
|11〉V A(α|1〉B − β|0〉B) if (ij) = (11) m = 3
.
3. Experiment of the qubit teleportation
In this section we discuss the experiment performed by Bouwmeester
et al. in 1997 [4] using qubit states. Two pairs of entangled photons
are generated by a polarized non-degenerate parametric process. Let
|0〉 represent the horizontally polarized single photon state | ↔〉 and
|1〉 the vertically polarized single photon state | l〉.
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For these polarization states we calculate the Bell basis according to
(2.1). Then the state |ψ0〉 = |ψ〉V ⊗|β00〉AB is rewritten as follows, (see
(2.3)):
|ψ0〉 = 1
2
[|β00〉V A(α|0〉B + β|1〉B) + |β01〉V A(α|1〉B + β|0〉B)
+|β10〉V A(α|0〉B − β|1〉B + |β11〉V A(α|1〉B − β|0〉B)].
A Bell-state measurement is possible for the state |β11〉V A, under the
condition that there are at most one photon on each mode of Victor and
Alice. Let aV j, aAk be annihilation operators of polarization j, k =↔, l.
The half-beam splitter causes the Bogoliubov transformation (see (5.4))
b0j =
1√
2
(aV j + aAj), b1j =
1√
2
(−aV j + aAj).
Let |Ω〉 be the vacuum for aV j , aAk. Then we have
〈Ω|b1kb0j = 1
2
〈Ω|(−aV k + aAk)(aV j + aAj).
We assume that there is at most one photon in each mode (Victor’s
mode or Alice’s mode). On such a condition, we can perform the
Bell-state measurement by the simultaneous photon counting after the
half-beam splitter. For such a state |ψ〉, we can ignore aV kaV j and
aAkaAj we have
〈Ω|b1kb0j |ψ〉 = 〈Ω|(−aAjaV k + aAkaV j)|ψ〉 = ± 1√
2
V A〈β11|ψ〉
for j 6= k, and 〈Ω|b1kb0j |ψ〉 = 0 for j = k, where we used the fact
(−a†V ka†Aj + a†V ja†Ak)|Ω〉 = ±
1√
2
|β11〉V A.
This shows that the simultaneous photon detection is equivalent to
V A〈β11|, that is, equivalent to the Bell-state measurement. However,
this measurement cannot identify the other three Bell states, and has
a fatal drawback. The photon counting technique of today cannot dis-
tinguish whether only one photon is coming or more than two photons
are coming simultaneously. So, if two photons come in Victor’s mode
simultaneously, we cannot neglect the term aV kaV j, the measurement
is not the Bell-state measurement.
4. Holomorhic Representation of CCR
The “holomorphic representation” of the canonical commutation re-
lations (CCR) was introduced by Bargmann [1] for the finite dimen-
sional case. In the case of infinitely many degrees of freedom it was
introduced by Segal [14] (see also [15]). One of the most famous appli-
cations of this representation we find in the book [3] by Berezin, where
it has the interesting counterpart to the Fermion case, i.e., canonical
anti-commutation relations. The canonical anti-commutation relation
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has a representation which is similar to the holomorphic representation
where however the field of complex numbers is replaced by the Grass-
mann algebra. Such a representation is now popular under the name
of Berezin calculus. Another important application of the holomorhic
representation is given in the book of Faddeev and Slanov [8].
4.1. The holomorphic (Bargmann) representation of the CCR.
We develop the representation of canonical commutation relation (CCR)
called holomorphic representation, which seems to be quite useful for
quantum optics and quantum teleportation of continuous variables.
The operator of multiplication q and the differentiation p = −id/dq in
L2(R) = L2(R, dq) satisfies the commutation relation:
[q, p] = qp− pq = iI
on a suitable subspace of L2(R). Introduce the operators
a = (q + d/dq)/
√
2 = (q + ip)/
√
2, a† = (q − ip)/
√
2
then
[a, a†] = 1, q = (a+ a†)/
√
2, p = (a− a†)/
√
2i.
This representation of the commutation relation is called the Schro¨dinger
representation. The function f(q) = e−q
2/2 is a solution of the equation
0 =
√
2af(q) = (q + d/dq)f(q).
We consider the space L2(R, e−q
2
dq/
√
π) and the unitary operator U
U : L2(R, e−q
2
dq/
√
2π) ∋ g(q)→ (π)−1/2g(q)e−q2/2 ∈ L2(R, dq).
Then we have
U †qU = q, U †(d/dq)U = d/dq − q,
b = U †aU = U †(q + d/dq)U/
√
2 = 2−1/2d/dq,
b† = U †a†U = U †(q − d/dq)U/
√
2 = 2−1/2(2q − d/dq).
This representation L2(R, e−q
2
dq/
√
2π), b = 2−1/2d/dq, b† = 2−1/2(2q−
d/dq) is called the modified Schro¨dinger representation.
Next we consider
u = x+ iy, L2(C, dµ), dµ = e−u¯u
du¯du
2πi
= e−(x
2+y2)dxdy
π
,
∫
C
dµ = 1,
and its subspace H generated by holomorphic functions of u¯ (anti-
holomorphic functions). For f, g ∈ H define the inner product by
〈f |g〉 =
∫
f(u¯)g(u¯)e−u¯u
du¯du
2πi
.
Then the multiplication operator f(u¯) → u¯f(u¯) and the differential
operator f(u¯)→ ∂/∂u¯f(u¯) are adjoint to each other:∫
f(u¯){∂/∂u¯g(u¯)}e−u¯udu¯du
2πi
= −
∫
∂/∂u¯{e−u¯uf(u¯)}g(u¯)du¯du
2πi
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=
∫
f(u¯)ug(u¯)e−u¯u
du¯du
2πi
=
∫
u¯f(u¯)g(u¯)e−u¯u
du¯du
2πi
,
where we used the relation ∂/∂u¯f(u¯) = 0 because f(u¯) is a holomorphic
function of u. If we put
a = ∂/∂u¯ = (1/2)(∂/∂x + i∂/∂y), a† = u¯,
then a and a† satisfy the commutation relation [a, a†] = 1. We call this
representation the holomorphic representation. In this representation,
{u¯n/√n!}∞n=0 is an orthonormal basis. In fact, let m ≤ n. Then we
have ∫
um√
m!
u¯n√
n!
e−u¯u
du¯du
2πi
=
∫
um√
m!
(
(−1)n∂n√
n!∂un
)
e−u¯u
du¯du
2πi
=
∫ (
∂n√
n!∂un
um√
m!
)
e−u¯u
du¯du
2πi
= δmn,
and if m > n,∫
um√
m!
u¯n√
n!
e−u¯u
du¯du
2πi
=
∫ (
∂m√
m!∂u¯m
u¯n√
n!
)
e−u¯u
du¯du
2πi
= 0.
Therefore, if f(u¯) =
∑∞
n=0 anu¯
n then ‖f‖2 = ∑∞n=0 |an|2n!. The co-
herent state is an eigen state of the annihilation operator. Also in the
holomorphic representation,
∂
∂u¯
f(u¯) = αf(u¯), f(u¯) = Ceαu¯ = C
∞∑
n=0
(αu¯)n
n!
,
C = e−|α|
2/2 ⇒ ‖f‖2 = |C|2
∞∑
n=0
|α|2n
n!
= |C|2e|α|2 = 1.
Hence, f is normalized by choosing C = e−|α|
2/2. Furthermore, in the
holomorphic representation, the integral kernel K(u¯, v) of the identity
operator is
K(u¯, v) = eu¯v.
In fact, for α ∈ C,∫
eαv v¯ne−v¯v
dv¯dv
2πi
=
∫ ∞∑
k=0
(αv)k
k!
v¯ne−v¯v
dv¯dv
2πi
= αn
implies
(4.1)∫
eαvf(v¯)e−v¯v
dv¯dv
2πi
=
∫
eαv
∞∑
n=0
anv¯
ne−v¯v
dv¯dv
2πi
=
∞∑
n=0
anα
n = f(α).
Because of symmetry in v and v¯, one also has
(4.2)
∫
eαv¯f(v)e−v¯v
dv¯dv
2πi
= f(α).
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The equality
a†manf(u¯) = u¯m
∂n
∂u¯n
∫
eu¯vf(v¯)e−v¯v
dv¯dv
2πi
=
∫
u¯mvneu¯vf(v¯)e−v¯v
dv¯dv
2πi
shows that the integral kernel of the normal ordered monomial a†man
of a† and a is u¯mvneu¯v.
The holomorphic representation for the case of n degrees of freedom is
briefly described below:
The variables, the Hilbert space and the measure now are:
u¯ = (u¯1, . . . , u¯n), L
2(Cn, dµn), dµn =
n∏
j=1
e−u¯juj
du¯jduj
2πi
.
4.2. Integral kernels of basic operations in the holomorhic rep-
resentation. For the mathematical description of the devices for the
manipulation of photon states we need several results for the kernels
of various linear transformations of the basic creation and annihila-
tion operators. The relevant results are stated in this subsection. The
proofs are contained in the appendix.
These results are special cases of results given in [3] where the infinite
dimensional counter part is given. The proofs of these results in [3] are
based on the use of functional integration. Though the basic strategy is
the same as in [3], the proofs given in our appendix only uses elementary
mathematical tools so that these result become more easily accessible.
Theorem 4.1. The linear canonical transformation
(4.3) bj = aj + fj , b
†
j = a
†
j + f¯j
is implemented by the unitary operator U whose integral kernel U(u¯, v)
is
U(u¯, v) = c exp
n∑
j=1
(u¯jvj+vj f¯j−u¯jfj), c = θ exp
{
(−1/2)
n∑
j=1
f¯jfj
}
, |θ| = 1.
Theorem 4.2. The linear canonical transformation
bj =
n∑
k=1
(Φjkak +Ψjka
†
k), b
†
j =
n∑
k=1
(Φ¯jka
†
k + Ψ¯jkak)
is implemented by the unitary operator U whose integral kernel U(u¯, v)
is given by
U(u¯, v) = c exp
(
1
2
(v u¯)
(
A11 A12
A21 A22
)(
v
u¯
))
, Ajk = tAkj ,
A22 = −Φ−1Ψ, A21 = Φ−1, A11 = Ψ¯Φ−1, c = θ(det ΦΦ†)−1/4, |θ| = 1.
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Theorem 4.3. Let fj be complex numbers and
H =
n∑
j=1
(fja
†
j + f¯jaj)
be a self-adjoint operator. Then the kernel function U(u¯, v) of eitH is
given by
(4.4)
U(u¯, v) = c exp
n∑
j=1
(u¯jvj + itf¯jvj + itfj u¯j), c = exp
{
−1
2
t2
n∑
j=1
f¯jfj
}
.
Theorem 4.4. Let B and C be n× n matrices, and
H =
1
2
(a†Ba† + aB¯a+ 2a†Ca)
be a self-adjoint operator. Further, denote
A =
( −C −B
B¯ C¯
)
, eitA =
(
Φ Ψ
Ψ¯ Φ¯
)
.
Then the kernel function U(u¯, v) of eitH is given by
(4.5) U(u¯, v) = c exp
(
1
2
(v u¯)
(
A11 A12
A21 A22
)(
v
u¯
))
, Ajk = tAkj
with
(4.6) A22 = −Φ−1Ψ, A21 = Φ−1, A11 = Ψ¯Φ−1, c = (det ΦeitC)−1/2.
5. Photon states and devices for manipulating photon
states
We consider a self-adjoint operator
Hlaser = i(α¯a− αa†)
and an operator D(α) = eiHlaser (α) called the displacement operator
which generates from the vacuum state a state called the coherent state
which is considered to represent the laser-beam state. In order to have
the kernel U(u¯, v) of the operator eiHlaser (g), we use Theorem 4.3, i.e.,
n = 1 and f = −iα. The kernel U(u¯, v) of the operator D(α) therefore
is
U(u¯, v) = e−|α|
2/2 exp{u¯v − α¯v + αu¯}.
In the holomorphic representation, its action on a state can be calcu-
lated explicitly
(D(α)f)(u¯) =
∫
U(u¯, v)f(v¯)e−v¯v
dv¯dv
2πi
= e−|α|
2/2
∫
exp{u¯v − α¯v + αu¯}f(v¯)e−v¯v dv¯dv
2πi
= e−|α|
2/2eαu¯
∫
exp{(u¯− α¯)v}f(v¯)e−v¯v dv¯dv
2πi
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(5.1) = e−|α|
2/2eαu¯f(u¯− α¯).
If f(u¯) = 1 which corresponds to the vacuum |0〉, then
|α〉 = D(α)|0〉 = e−|α|/2eαu¯
is the coherent state and satisfies the following completeness relation:
(5.2)
∫
|α〉〈α|dα¯dα
2πi
=
∫
e−α¯αeαu¯eα¯v
dα¯dα
2πi
= eu¯v,
where we used the fact that eu¯v is the kernel of the identity operator I.
Next consider a self-adjoint operator Hpara (g) = ig(a
2 − a†2), the gen-
erator of parametric amplification. In order to have the kernel U(u¯, v)
of the operator eiHpara (g), we use Theorem 4.4, i.e., B = −ig and C = 0,
and
A =
(
0 ig
ig 0
)
,
(
Φ Ψ
Ψ¯ Φ¯
)
= eitA = exp tg
(
0 −1
− 1 0
)
= cosh tg
(
1 0
0 1
)
+sinh tg
(
0 −1
− 1 0
)
=
(
cosh tg − sinh tg
− sinh tg cosh tg
)
,
A22 = −Φ−1Ψ = tanh tg, A21 = Φ−1 = cosh−1 tg, A11 = Ψ¯Φ−1 = − tanh tg.
The kernel U(u¯, v) of the operator eiHpara (g) therefore is
U(u¯, v) = (cosh g)−1/2 exp(1/2){tanh gu¯2 + 2 cosh−1 gu¯v − tanh gv2}.
In the holomorphic representation, its action on the vacuum state can
be calculated explicitly
eiHpara (g)|0〉 =
∫
U(u¯, v)e−v¯v
dv¯dv
2πi
= (cosh g)−1/2 exp(1/2){tanh gu¯2}
×
∫
exp(1/2){2 cosh−1 gu¯v − tanh gv2}e−v¯v dv¯dv
2πi
(5.3) = (1− tanh2 g)1/4 exp(1/2){tanh gu¯2}
where we used the relation (4.2). The state (5.3) is called the squeezed
vacuum with squeezing parameter g.
Let us consider the beam splitter. The generator of the beam splitter
Hbs (θ) is defined by
Hbs (θ) = iθ(a
†
1a2 − a1a†2).
Then applying the Theorem 4.4 again, we get the kernel U(u¯, v) of
eiHbs (θ) as follows
B = 0, C =
(
0 iθ
− iθ 0
)
, A =
( −C 0
0 C¯
)
,
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Φ Ψ
Ψ¯ Φ¯
)
= eitA =
(
e−iC 0
0 eitC¯
)
,
e−itC = eitC¯ = exp tθ
(
0 1
− 1 0
)
= cos tθ
(
1 0
0 1
)
+sin tθ
(
0 1
− 1 0
)
Φ =
(
cos tθ sin tθ
− sin tθ cos tθ
)
, Ψ = 0.
U(u¯, v) = c exp
(
1
2
(v u¯)
(
A11 A12
A21 A22
)(
v
u¯
))
, Ajk = tAkj
A22 = A11 = 0, A21 = Φ−1 =
(
cos θ − sin θ
sin θ cos θ
)
, c = (det ΦeiC)−1/2 = 1.
The beam splitter for θ = π/4 is called the half-beam splitter whose
generator is Hhbs = i(π/4)(a
†
1a2 − a1a†2). The half-beam splitter trans-
forms the state f(u¯1, u¯2) into∫
U(u¯, v)f(v¯1, v¯2)e
−v¯v
2∏
j=1
dv¯jdvj
2πi
∫
exp
1√
2
{(u¯1 + u¯2)v1 + (−u¯1 + u¯2)v2}f(v¯1, v¯2)e−v¯v
2∏
j=1
dv¯jdvj
2πi
(5.4) = f((u¯1 + u¯2)/
√
2, (−u¯1 + u¯2)/
√
2).
5.1. Balanced homodyne detection. We calculate the mean value
of the difference of photon beams N1 −N2 = a†1a1 − a†2a2 for the state
e−iHhbs|ψ1〉⊗|ψ2〉, the state after passing through the half-beam splitter.
Since
eiHhbsa1e
−iHhbs = (a1 + a2)/
√
2, eiHhbsa2e
−iHhbs = (−a1 + a2)/
√
2,
〈ψ1| ⊗ 〈ψ2|eiHhbs(N1 −N2)e−iHhbs |ψ1〉 ⊗ |ψ2〉
= 〈ψ1| ⊗ 〈ψ2|(a†1a2 + a1a†2)|ψ1〉 ⊗ |ψ2〉.
If |ψ2〉 is a coherent state |α2〉, then this identity is continued by
= 〈ψ1| ⊗ 〈α2|(a†1a2 + a1a†2)|ψ1〉 ⊗ |α2〉 = 〈ψ1|a†1|ψ1〉α2 + 〈ψ1|a1|ψ1〉α¯2
= 〈ψ1|(q1 − ip1)/
√
2|ψ1〉|α2|eiθ2 + 〈ψ1|(q1 + ip1)/
√
2|ψ1〉|α2|e−iθ2
=
√
2〈ψ1|q1|ψ1〉|α2| cos θ2 +
√
2〈ψ1|p1|ψ1〉|α2| sin θ2
=
√
2|α2|〈ψ1|(q1 cos θ2 + p1 sin θ2)|ψ1〉.
Thus the balanced homodyne detection measures
√
2|α2| times of q1
and p2 according to the phase of the coherent beam α2.
The displacement operator D(−α) is realized by modulators and the
beam splitter. For |φ〉 ∈ H2 and |β〉 ∈ H3, we send |φ〉 ⊗ |β〉 through
a beam splitter B(θ) = eiHbs(θ). Let
|φ〉 ⊗ |β〉 = φ(u¯2)e−|β|2/2eβu¯3 .
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Then
B(θ)(|φ〉 ⊗ |β〉) = B(θ)φ(u¯2)e−|β|2/2eβu¯3
= φ(u¯2 cos θ + u¯3 sin θ)e
−|β|2/2eβ(−u¯2 sin θ+u¯3 cos θ)
= φ(u¯2 cos θ + u¯3 sin θ)e
−|β|2/2e−βu¯2 sin θeβu¯3 cos θ.
(I ⊗ 〈β|)B(θ)|φ〉 ⊗ |β〉
=
∫
e−|β|
2
eβu3φ(u¯2 cos θ + u¯3 sin θ)e
−βu¯2 sin θeβu¯3 cos θe−u¯3u3
du¯3du3
2πi
= e−|β|
2
e−βu¯2 sin θ
∫
eβ¯u3eβu¯3 cos θφ(u¯2 cos θ + u¯3 sin θ)
du¯3du3
2πi
= e−|β|
2
e−βu¯2 sin θeββ¯ cos θφ(u¯2 cos θ + β¯ sin θ).
Let θ → 0 and β →∞ such that β sin θ → α. Then
|β|2(1− cos θ)→ |α|2/2
and
e−|β|
2
e−βu¯2 sin θeββ¯ cos θφ(u¯2 cos θ + β¯ sin θ)
→ e−|α|/2e−αu¯2φ(u¯2 + α¯) = D(α)|φ〉.
6. Teleportation of continuous quantum variables
The proposal for continuous variable quantum teleportation was first
made by Vaidman [17] in 1994, and then by Braunstein and Kimble
[6] in 1998, and experimentally demonstrated by the Caltech group,
Furusawa et al. [10] in 1998. Now we present the teleportation of
continuous quantum variables in a parallel way as the teleportation of
qubits in Section 2. The numbering (1), . . . , (4) corresponds to that in
Section 2. Figure 2 is similar to the Figure 1 and these figures illustrate
the correspondence of the two cases of teleportation.
(1) First, an entangled state as a counterpart to an EPR pair is
produced. We prepare such a state using parametric amplifica-
tion and a beam splitter. By parametric amplification we create
a pair of squeezed vacuum states Upara (g)|0〉 = eiHpara (g)|0〉 and
Upara (−g)|0〉. In the holomorphic representation one has (see
(5.2)),
(1− q2)−1/4Upara (g)|0〉 = equ¯21/2,
(1− q2)−1/4Upara (−g)|0〉 = e−qu¯22/2, q = tanh g.
Then we send these states through the half-beam splitter (see
(5.4)). Now Alice and Bob share the state (u¯1 is Alice’s variable
and u¯2 is Bob’s variable)
|Ψ0〉 = eq(u¯1+u¯2)2/4e−q(−u¯1+u¯2)2/4 = equ¯1u¯2 , q = tanh g.
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D(x
−
+ ip+)
D(α)
Displacement operatorMeasurement Half-beamsplitter
ψ(u¯2)
ψ(u¯0)
x
−
p+
eu¯
2
1
e−u¯
2
2
Victor
Alice
Bob
Bell state measurement
Quantum entanglement
Unitary transformation
Figure 2. Quantum circuit of continuous variable teleportation
Victor gives Alice a state ψ(u¯0) to send to Bob. The state of
the total system is
|Ψ1〉 = ψ(u¯0)equ¯1u¯2 = |ψ〉0 ⊗
∞∑
n=0
qn|n〉1 ⊗ |n〉2, q = tanh g.
This state corresponds to the state
|ψ0〉 = |ψ〉V ⊗ 1√
2
(|0〉A|0〉B + |1〉A|1〉B)
of the qubit case. The generalized state (for some background
information on generalized states see the first part of the Ap-
pendix)
π−1/2ev¯0 v¯1 = π−1/2
∞∑
n=0
(v¯0v¯1)
n
n!
= π−1/2
∞∑
n=0
|n〉0 ⊗ |n〉1
corresponds to the Bell state |β00〉 = 2−1/2
∑1
n=0 |n〉0 ⊗ |n〉1 of
Section 2. The other Bell states |βij〉 correspond to the states
∞∑
n=0
(D(α)|n〉0)⊗ |n〉1 = e−|α|2/2e(v¯0−α¯)v¯1eαv¯0 = e−|α|2/2ev¯0v¯1e−α¯v¯1eαv¯0
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(see (5.1)).
In the Appendix we show that
(6.1) {π−1/2
∞∑
n=0
(D(α)|n〉0)⊗ |n〉1;α ∈ C}, α = x− + ip+
is the generalized Bell basis, i.e., a complete orthonormal system
in our Hilbert space.
Then we send this state through the half-beam splitter real-
ized as the unitary operator eiHhbs , and obtain (see (5.4))
e−(x
2
−
+p2+)/2e−u¯
2
0/2eu¯
2
1/2e
√
2x−u¯0ei
√
2p+u¯1 = π1/2|x−〉 ⊗ |p+〉,
where
|x−〉 = π−1/4e−x2−/2e−u¯20/2e
√
2x−u¯0
is the generalized eigen-state of the operator
x0 =
1√
2
(
∂
∂u¯0
+ u¯0
)
with eigen-value x−, and
|p+〉 = π−1/4e−p2+/2eu¯21/2ei
√
2p+u¯1
is the generalized eigen-state of the operator
p1 =
1√
2i
(
∂
∂u¯1
− u¯1
)
with eigen-value p+. In the Appendix the orthogonality rela-
tions
(6.2) 〈x′−|x−〉 = δ(x′− − x−), 〈p′+|p+〉 = δ(p′+ − p+).
are shown. Thus we have
(6.3) eiHhbs
∞∑
n=0
(D(α)|n〉0)⊗ |n〉1 = π1/2|x−〉 ⊗ |p+〉
and
π−1(
∞∑
m=0
0〈m|(D(α′)† ⊗ 1〈m|)(
∞∑
n=0
(D(α)|n〉0)⊗ |n〉1)
= (〈x′−| ⊗ 〈p′+|), (|x−〉 ⊗ |p+〉) = δ(x′− − x−)δ(p′+ − p+).
The state |ψ〉V ⊗ |β00〉AB corresponds to
|Φ1〉 = π−1/2|ψ〉0 ⊗
∞∑
n=0
qn|n〉1 ⊗ |n〉2.
The relation
I = π−1
∫
dx−dp+
∞∑
m=0
(D(α)|m〉0)⊗ |m〉1
∞∑
k=0
0〈k|D(α)† ⊗ 1〈k|
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implies for α = x− + ip+ that
|Φ1〉 = π−3/2
∫
dx−dp+
∞∑
m=0
(D(α)|m〉0)⊗ |m〉1
⊗
∞∑
k=0
∞∑
n=0
0〈k|D(α)†|ψ〉0qn1〈k|n〉1|n〉2
= π−3/2
∫
dx−dp+
∞∑
m=0
(D(α)|m〉0)⊗ |m〉1 ⊗
∞∑
n=0
qn0〈n|D(α)†|ψ〉0|n〉2.
This is the expansion of |Φ1〉 with respect to the generalized
Bell basis (6.1).
(2) Then Alice performs the (generalized) Bell-state measurement,
and when some Bell state π−1/2
∑∞
n=0(D(α)|n〉0)⊗ |n〉1 is cho-
sen, then the total system is reduced to
= π−1/2
∞∑
m=0
(D(α)|m〉0)⊗ |m〉1 ⊗
∞∑
n=0
qn0〈n|D(α)†|ψ〉0|n〉2.
If q = 1, the above state is
∞∑
m=0
(D(α)|m〉0)⊗ |m〉1 ⊗D(α)†|ψ〉2.
Thus the Bob’s state is reduced to D(α)†|ψ〉2 though he can
not know this.
(3) Alice sends the classical information α = x−+ip+ to Bob. Then
Bob sends Bob’s state D(α)†ψ through D(α) according to the
result α = x− + ip+, obtaining ψout = D(α)D(α)†ψ = ψ. Alice
sends two real numbers (x−, p+) to Bob, and Bob gets a state
ψ =
∑∞
n=0 an|n〉 in an infinite dimensional Hilbert space.
(4) The Bell-state measurement (2) is done by sending the Bell
basis through the half-beam splitter obtaining the canonical
basis {|x−〉 ⊗ |p+〉;α = x− + ip+ ∈ C} of (6.3) and by the
measurement of x0 and p1 using balanced homodyne detection.
Since we cannot generate an EPR pair eu¯1u¯2 with an infi-
nite squeezing parameter g = ∞, the ideal q = 1 case of the
squeezed state equ¯1u¯2 , q = tanh g < 1, we cannot have com-
plete teleportation ψout = ψ(= ψin). We have to measure the
distance between ψ and ψout. For density operators ρ (positive
operator with tr ρ = 1) and σ, the fidelity F (ρ, σ), given by
F (ρ, σ) = tr
√
ρ1/2σρ1/2
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is an accepted measure for such a distance. Let |ψ〉 = |γ〉 be a
coherent state, and
|φ〉 =
∞∑
n=0
qnD(α)|n〉〈n|D(α)†|γ〉.
For ρ = |γ〉〈γ| and σ = |φ〉〈φ|,√
ρ1/2σρ1/2 =
√
ρσρ =
√
|γ〉〈γ|φ〉〈φ|γ〉〈γ| = |〈γ|φ〉||γ〉〈γ|
and the fidelity F (ρ, σ) equals |〈γ|φ〉|. The inner product 〈γ|φ〉
is easily calculated, using relation (4.1):
〈γ|φ〉 =
∞∑
n=0
qn〈γ|D(α)|n〉〈n|D(α)†|γ〉 =
∫ ∫
e−|α|
2/2e−α¯ue−|γ|
2/2eγ¯(u¯+α¯)equ¯v
×e−|α|2/2e−αv¯e−|γ|2/2eγ(v¯+α¯)e−u¯ue−v¯v du¯du
2πi
dv¯dv
2πi
= exp(1− q){αγ¯ + α¯γ − |α|2 − |γ|2}.
7. Experiment, Controversy and Locality
7.1. The Experiment. Here, we briefly explain the experiment by
the Caltech group, Furusawa et al. [10]. The teleported state is not an
optical beam itself but a modulation sideband of a bright optical beam
generated by an electro-optical modulator, because the frequency of
the optical beam is too high (ω/π = 300THz, wavelength 1000 nm) to
handle directly. So, the optical beam is treated only as a carrier and
the quantum states are discussed using sideband frequency. The light
from a single-frequency titanium sapphire (TiAl2O3) laser at 860 nm
(frequency ωL) serves as the primary source for all fields in the exper-
iment. 90 percent of the laser output with frequency ωL is directed to
a frequency-doubling cavity to generate blue light at 2ωL. This output
then splits into two beams that serve as harmonic pumps for para-
metric down-conversion, 2ωL → ωL ± Ω, within the optical parametric
oscillator (OPO).
(1) Thus the two independent squeezed beams which are supposed
to be represented by equ¯
2
1 and e−qu¯
2
2 at 860 nm are generated
by optical parametric oscillators (amplifiers), where q = tanh g
and g is called the squeezing parameter. These beams are sent
through a beamsplitter obtaining the EPR beam equ¯1u¯2 and the
outcomes are sent to Alice (variable u¯1) and Bob (variable u¯2).
Victor generates a coherent sideband |ψ〉 = e−|α|/2eαu¯0 at
frequency (ω ± Ω)/2π with Ω/2π = 2.9 MHz by an electro-
optical modulator, and sends it to Alice.
If eitω represents the carrier and αe±itΩ the modulation, then
the total system is represented by
αe±itΩeitω = αei(ω±Ω).
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OPO
Entanglement
Laser
Mx
Mp
LO
Victor
|ψ〉out
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|ψ〉in
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Alice
LO (local oscillator)
OPO optical parametric oscillatorMx Mp optical modulator
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Balanced
homodyne detector
Half-beam splitter 99/1 beam splitter
Figure 3. Experimental scheme for quantum telepor-
tation performed by Caltech group. The laser field is
shared by all parties.
(2) (a) Alice sends two beams, e−|α|/2eαu¯0 and her EPR beam,
through a half-beamsplitter eiHhbs discussed in Section 5,
obtaining
e−|α|/2eα(u¯0+u¯1)
√
2eq(−u¯0+u¯1)u¯2/
√
2.
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(b) Alice uses two sets of balanced homodyne detectors (Dx0, Dp1)
discussed in Section 5 to make a joint measurement of the
amplitude x0 and p1 discussed in Section 6.
(3) Alice sends the outcomes (x−, p+) of the detectors to Bob.
(4) After receiving this classical information from Alice, Bob is able
to construct the teleported state ρout. Bob generates a sideband
beam at frequency (ω ± Ω)/2π by two electro-optical modula-
torsMx (amplitude modulator) andMp (phase modulator) with
suitable complex amplitude |β〉 = e−|β|/2eβu¯3 . Then he sends |β〉
and his EPR beam through a beamsplitter of refractivity 0.99
obtaining the state ρout.
(5) Victor detects the state ρout by his own balanced homodyne
detector DV and compares it with his original state |ψ〉.
The result obtained by Furusawa, A., et al. is that the fidelity F (|ψ〉, ρout)
of the states |ψ〉 and ρout is
F (|ψ〉, ρout) = 0.58± 0.02.
Bowen, W.P., et al. [5] had the fidelity of 0.64± 0.02 and Takei, N., et
al. [16] achieved the fidelity of 0.70± 0.02.
7.2. Controversy. After the experimental demonstration of continu-
ous variable quantum teleportation (CVQT) was reported [10], there
was a controversy over its validity on the ground of intrinsic phase inde-
terminacy of the laser field [12]. The laser field is often assumed to be
a coherent state having a fixed phase, but [12] shows that the steady-
state solution of the master equation in the quantum theory of the laser
shows that the phase of the laser field inside the cavity is completely
unknown and genuine CVQT cannot be achieved using conventional
lase sources, due to an absence of optical coherence. Furthermore, the
same laser source is used for (i) producing Victor’s state for telepor-
tation, (ii) pumping the nonlinear crystal that produces a two-mode
squeezed light field serving as the shared EPR state, (iii) supplying lo-
cal oscillator (LO) fields for both of Alice’s homodyne measurements,
and (iv) providing Bob with a coherent field to mix with his portion of
the EPR beam to reconstruct Victor’s state.
The ideal scheme for CVQT [6] is explained in Fig. 2 and an explana-
tion of the experimental simulation of CVQT [10] is provided in Fig.
3.
For the claim [12], there appeared a counterargument [18] which says
that the standard description of the laser field used in [12] is insuffi-
cient to understand CVQT with a laser. They found that the laser
light has the random phase only in the cavity, and outside the cavity,
it has similar phase character as the coherent state has, and therefore
a conventional laser can be used for CVQT.
Furthermore, [9] says that the laser field outside the cavity is a mixed
state whose phase is completely unknown, but CVQT with a laser is
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valid only if the unknown phase of the laser field is shared among
sender’s LOs, the EPR state, and receiver’s LO.
7.3. Locality. Let fi(x) be two functions square integrable functions
on Euclidean space, i.e., elements in L2(R3), and suppose that the
support of the function fi is contained in a bounded set Oi of R
3.
Then for a system in the state represented by the function fi(x), the
observable x (the position of a particle) is always observed in the set
Oi. In such situation, we often say that the state fi is localized in Oi.
The state of two particles at x1 and x2 which are separated by a long
distance is expressed by the tensor product f(x1, x2) = f1(x1)f2(x2) of
two functions fi (i = 1, 2) whose supports Oi (i = 1, 2) are separated
by a long distance.
Ideal quantum teleportation can be considered as the following pro-
cess: The information contained in a quantum state |ψ〉in (which is
localized in a region O1) is sent to another region O2 separated from
O1 by a long distance and produces a state |ψ〉out (which is localized
in O2) and contains all the information of |ψ〉in .
In the framework of teleportation of qubits in Section 2 where a finite
dimensional Hilbert space is used, it seems difficult to define a state lo-
calized in some bounded region. In the framework of CVQT in Section
6, though an infinite dimensional Hilbert space is used, we manipu-
late only monochromatic laser beams. When the frequency of the laser
beam is determined, the location of the laser beam is completely un-
known. Up to now, one has considered quantum teleportation without
the notion of locality. In a precise formulation of quantum teleporta-
tion which takes locality into account, a quantum theory of infinitely
many degrees of freedom might be needed, e.g., a quantum field theory
might be necessary.
It seems that the theory of lasers is not satisfactory in its appli-
cation to quantum teleportation, and therefore, many controversies
appear around CVQT which uses laser beams. In this context to, a
theory of quantum teleportation based on quantum field theory might
be preferable.
Appendix A.
A.1. Generalized vectors and generalized eigen-states. The the-
ory of the generalized vectors is developed in [19]. Let S(R) the
Schwartz space of fast decaying infinitely often differentiable functions
on the real line R and L2(R) the Hilbert space of square integrable
functions on R. Then
S(R) ⊂ L2(R) ⊂ S ′(R)
is a rigged Hilbert space (see [19]). Here S ′(R) denotes the topological
dual of S(R).
22 S. NAGAMACHI AND E. BRU¨NING
The elements F of S ′ are called generalized vectors. Suppose that an
operator A on L2(R) maps S(R) into S(R). Then a generalized vector
Fλ ∈ S ′(R) is called a generalized eigen-vector of A corresponding to
an eigen-value λ, if
Fλ(Aφ) = λFλ(φ)
holds for every φ ∈ S(R).
Let
Eλ = {F ∈ S ′(R);F (Aφ) = λF (φ)}
be the space of generalized eigen-vectors of A corresponding to the
eigen-value λ. We associate with each element φ ∈ S(R) and each
number λ a linear functional φ˜λ on Eλ, taking the value Fλ(φ) on the
element Fλ of Eλ. We call the correspondence φ → φ˜λ the spectral
decomposition of the element φ corresponding to the operator A.
If φ˜λ ≡ 0 implies φ = 0, then we say that the set of generalized eigen-
vectors of the operator A is complete.
Let p = −id/dx be the self-adjoint generator of translations in L2(R)
(more accurately p is the self-adjoint realization of the differential op-
erator −id/dx on S(R)). Then the identity
(−id/dx)eiλx = λeiλx, λ ∈ R
shows that eiλx is an eigen-function of the operator p corresponding
to the eigen-value λ. The function eiλx does not belong to L2(R), but
belongs to S ′(R) ∋ Fλ = eiλx. The relation
Fλ(pφ) =
∫
eiλx(−id/dx)φ(x)dx =
∫
(−id/dx)eiλxφ(x)dx
= λ
∫
eiλxφ(x)dx = λFλ(φ)
shows that Fλ = e
iλx is a generalized eigen- vector of p corresponding
to the eigen-value λ. The spectral decomposition φ˜λ of φ is the Fourier
transformation of φ.
φ˜λ = Fλ(φ) =
∫
eiλxφ(x)dx =
∫
e−iλxφ(x)dx = φ˜(λ).
The Fourier inversion formula
φ(x) =
1
2π
∫
R
eiλxφ˜(λ)dλ
shows that φ˜λ ≡ 0 implies φ = 0, that is, {eiλx;λ ∈ R} is a complete
set of generalized eigen-vectors of p.
Though it is not possible to find the value of the momentum p (con-
tinuous variable) to be precisely λ, it is convenient to say that if the
value λ of the momentum p is found for the state |φ〉 = φ(x), the state
after the measurement is |λ〉〈λ|φ〉 = eiλxφ˜(λ)/2π in the same way as
the discrete variables, where |λ〉 = eiλx/√2π is a generalized vector.
Actually, we can only say that λ is contained in the interval [a, b]. In
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that case, using the above generalized eigen-states, the state after the
measurement is ∫ b
a
dλ|λ〉〈λ|φ〉/
√∫ b
a
dλ|〈λ|φ〉|2
. Thus we have the so-called projective measurement, whose name
comes from the fact that P =
∫ b
a
dλ|λ〉〈λ| is a projection. If we think
that the edge of [a, b] is not sharp, then we takeM =
∫ b
a
dλχ(λ)|λ〉〈λ| as
a measurement operator, where χ(λ) is a C∞-function with the support
contained in [a− ǫ, b+ ǫ] and χ(λ) = 1 for λ ∈ [a+ ǫ, b− ǫ] and ǫ > 0.
Then we have the following generalized measurement (see [20]).
The state after the measurement is
M |φ〉/
√
〈φ|M∗M |φ〉.
If we introduce the operators
a =
1√
2
(
x+
d
dx
)
, a∗ =
1√
2
(
x− d
dx
)
,
the topology of S(R) is defined by the system of norms
‖φ‖2r = 〈φ|(1 + a∗a)r|φ〉
for any r ∈ N (see Theorem V.13 of [21]).
In our case of a rigged Hilbert space Φ ⊂ H ⊂ Φ′, Φ is the set of vectors
of the form
φ =
∞∑
n=0
cn|n〉
satisfying
‖φ‖2r = 〈φ|(1 + a∗a)r|φ〉 =
∞∑
n=0
(1 + n2)r|cn|2 <∞
for any r ∈ N. Φ is a countably normed space. Since
∞∑
n=0
(1 + n2)r|λ|n/n! <∞,
eλu¯ ∈ Φ for any λ ∈ C, the complex numbers.
For |q| < 1 we have
‖
∞∑
n=0
qn|n〉0 ⊗ |n〉1‖2 =
∞∑
n=0
q2n =
1
1− q2 ,
but for q = 1 this series is divergent:
‖
∞∑
n=0
|n〉0 ⊗ |n〉1‖2 =
∞∑
n=0
1 =∞.
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In this sense the vector
π−1/2ev¯0 v¯1 = π−1/2
∞∑
n=0
(v¯0v¯1)
n
n!
= π−1/2
∞∑
n=0
|n〉0 ⊗ |n〉1
is a generalized vector. The unitary operator eiHhbs sends the general-
ized vector
∞∑
n=0
(D(−α)|n〉0)⊗ |n〉1 = e−|α|2/2ev¯0v¯1e−α¯v¯1eαv¯0
to the generalized vector
= e−(x
2
−
+p2+)/2e−u¯
2
0/2eu¯
2
1/2e
√
2x−u¯0ei
√
2p+u¯1 = π1/2|x−〉 ⊗ |p+〉,
where α = x− + ip+ and
|x−〉 = π−1/4e−x2−/2e−u¯20/2e
√
2x−u¯0
is the generalized eigen-state of the operator
x0 =
1√
2
(
∂
∂u¯0
+ u¯0
)
with eigen-value x−, and
|p+〉 = π−1/4e−p2+/2eu¯21/2ei
√
2p+u¯1
is the generalized eigen-state of the operator
p1 =
1√
2i
(
∂
∂u¯1
− u¯1
)
with eigen-value p+. In the usual Schro¨dinger representation, |p+〉 is
represented by (2π)−1/2eip+x and is a generalized eigen-vector of p =
−id/dx as explained above. SinceH is a separable Hilbert space, H has
a countable basis. But for the completeness, H must have uncountably
many orthogonal generalized vectors.
A.2. Proofs of theorems 1 - 4, Section 4.
A.2.1. Proof of Theorem 1. First, consider the transformation
bj = aj + fj, b
†
j = a
†
j + f¯j
for complex numbers fj. We want to have a unitary operator U such
that
bjU = Uaj , b
†
jU = Ua
†
j ⇐⇒ bj = UajU †, b†j = Ua†jU †.
We assume that the operator U is defined by a kernel U(u¯, v), that is,
(Ug)(u¯) =
∫
U(u¯, v)g(v¯)
n∏
j=1
e−v¯jvj
dv¯jdvj
2πi
.
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Then we have, by integration by part,∫
U(u¯, v)
{
∂
∂v¯j
g(v¯)
} n∏
j=1
e−v¯jvj
dv¯jdvj
2πi
=
−
∫
g(v¯)
∂
∂v¯j
{
U(u¯, v)
n∏
j=1
e−v¯jvj
}
dv¯jdvj
2πi
=
∫
vjU(u¯, v)g(v¯)
n∏
j=1
e−v¯jvj
dv¯jdvj
2πi
,
and similarly ∫
U(u¯, v)v¯jg(v¯)
n∏
j=1
e−v¯jvj
dv¯jdvj
2πi
= −
∫
U(u¯, v)
{
∂
∂vj
g(v¯)
n∏
j=1
e−v¯jvj
}
dv¯jdvj
2πi
=
∫ {
∂
∂vj
U(u¯, v)
}
g(v¯)
n∏
j=1
e−v¯jvj
dv¯jdvj
2πi
.
Thus, it is clear that one should have the following correspondence:
ajU ↔ ∂
u¯j
U(u¯, v), a†jU ↔ u¯jU(u¯, v),
Uaj ↔ vjU(u¯, v), Ua†j ↔
∂
∂vj
U(u¯, v).
If we assume that the kernel of the operator U has the form
U(u¯, v) = c exp
n∑
j=1
(u¯jvj + vjφj + u¯jψj)
for complex numbers φj and ψj , then we get indeed
bjU(u¯, v) =
(
∂
∂u¯j
+ fj
)
U(u¯, v) = vjU(u¯, v),
b∗jU(u¯, v) = (u¯j + f¯j)U(u¯, v) =
∂
∂vj
U(u¯, v).
Since
∂
∂u¯j
U(u¯, v) = (vj + ψj)U(u¯, v),
∂
∂vj
U(u¯, v) = (u¯j + φj)U(u¯, v)
equating the coefficients for u¯j and vj we find ψj = −fj and φj = f¯j .
Thus the result is
U(u¯, v) = c exp
n∑
j=1
(u¯jvj + vj f¯j − u¯jfj).
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Applying U to the vacuum f(v¯) = 1 produces
F (u¯) = U |0〉 =
∫
c exp
n∑
j=1
(u¯jvj + vj f¯j − u¯jfj)
n∏
j=1
e−v¯jvj
dv¯jdvj
2πi
= c exp
{
−
n∑
j=1
u¯jfj
}∫
exp
{
n∑
j=1
(u¯j + f¯j)vj
}
n∏
j=1
e−v¯jvj
dv¯jdvj
2πi
= c exp
{
−
n∑
j=1
u¯jfj
}
.
‖F‖2 = |c|2
∫
exp
{
−
n∑
j=1
[uj f¯j + u¯jfj ]
}
n∏
j=1
e−u¯juj
du¯jduj
2πi
= |c|2
∫
exp−
{
n∑
j=1
[(u¯j + f¯j)(uj + fj)− f¯jfj ]
}
du¯jduj
2πi
= |c|2 exp
{
n∑
n=1
f¯jfj
}
.
The normalization of F , i.e., ‖F‖ = 1, requires
c = θ exp
{
(−1/2)
n∑
j=1
f¯jfj
}
, |θ| = 1,
and we have the following theorem.
A.2.2. Proof of Theorem 2. Now we consider more general linear canon-
ical transformation (Bogoliubov transformation)
bj =
n∑
k=1
(Φjkak +Ψjka
∗
k), b
∗
j =
n∑
k=1
(Φ¯jka
∗
k + Ψ¯jkak)
satisfying
[bj , bk] = [bj , bk] = 0, [bj , b
∗
k] = δjk,
and find the kernel U(u¯, v) of the unitary operator U which implements
the linear canonical transformation
bjU = Uaj , b
∗
jU = Ua
∗
j .
From the above commutation relations, we have
0 = [bj , bk] =
n∑
i=1,m=1
[Φjlal +Ψjla
∗
l ,Φkmam +Ψkma
∗
m]
=
n∑
l=1,m=1
(ΦjlΨkm[al, a
∗
m] + ΨjlΦkm[a
∗
l , am])
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=
n∑
l=1,m=1
(ΦjlΨkmδlm −ΨjlΦkmδlm) =
n∑
m=1
(ΦjmΨkm −ΨjmΦkm)
δjk = [bj , b
∗
k] =
n∑
i=1,m=1
[
Φjlal +Ψjla
∗
l , Φ¯kma
∗
m + Ψ¯kmam
]
=
n∑
i=1,m=1
(
ΦjlΦ¯km[al, a
∗
m] + ΨjlΨ¯km[a
∗
l , am]
)
=
n∑
i=1,m=1
(
ΦjlΦ¯kmδlm −ΨjlΨ¯kmδlm
)
=
n∑
m=1
(
ΦjmΦ¯km −ΨjmΨ¯km
)
.
These relations can be described by the matrix notation:
(A.1) 0 = ΦΨT −ΨΦT , I = ΦΦ∗ −ΨΨ∗.
We want to have a unitary operator U such that
bjU = Uaj , b
∗
jU = Ua
∗
j .
We assume that the kernel of the operator U has the form
U(u¯, v) = c exp
(
1
2
(v u¯)
(
A11 A12
A21 A22
)(
v
u¯
))
, Ajk = tAkj.
Then we have
bjU(u¯, v) =
n∑
k=1
(Φjk
∂
∂u¯k
+Ψjku¯k)U(u¯, v) = vjU(u¯, v).
Since
∂
∂u¯k
U(u¯, v) =
n∑
m=1
(A21kmvm + A
22
kmu¯)U(u¯, v),
equating the coefficients for u¯l and vl we have
ΦA22 +Ψ = 0, ΦA21 = I.
In the same way, from the equation
b∗jU(u¯, v) =
n∑
k=1
(Φ¯jka
∗
k + Ψ¯jkak)U(u¯, v) =
∂
∂vj
U(u¯, v),
we deduce
Ψ¯A22 + Φ¯ = A12, Ψ¯A21 = A11.
This gives
A22 = −Φ−1Ψ, A21 = Φ−1, A11 = Ψ¯Φ−1.
Applying U to the vacuum |0〉, we have
F (u¯) = U |0〉 = c
∫
exp
(
1
2
(v u¯)
(
A11 A12
A21 A22
)(
v
u¯
)) n∏
j=1
e−v¯jvj
dv¯jdvj
2πi
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= c exp(1/2){−u¯Φ−1Ψu¯}
∫
exp(1/2){2u¯Φ−1v+vΨ¯Φ−1v−v¯v}
n∏
j=1
dv¯jdvj
2πi
.
The integral is∫
exp(−1/2)
{
(v v¯)
( −Ψ¯Φ−1 I
I 0
)(
v
v¯
)
+ 2u¯Φ−1v
} n∏
j=1
dv¯jdvj
2πi
=
[
det
(
I Ψ¯Φ−1
0 I
)]−1/2
× exp
[
(1/2)(0 2u¯Φ−1)
(
0 I
I Ψ¯Φ−1
)(
0
2u¯Φ−1
)]
= 1,
where we used the following formula of Gaussian integral:∫
exp
(−1
2
(v v¯)
(
A11 A12
A21 A22
)(
v
v¯
)
+ (f1 f2)
(
v
v¯
)) n∏
j=1
dv¯jdvj
2πi
=
[
det
(
A21 A22
A11 A12
)]−1/2
exp(1/2)
{
(f1 f2)
(
A11 A12
A21 A22
)−1(
f1
f2
)}
.
Now we calculate
‖F‖2 = |c|2
∫
exp−{(1/2)(uΦ¯−1Ψ¯u+ u¯Φ−1Ψu¯) + u¯u}
n∏
j=1
du¯jduj
2πi
= |c|2
∫
exp
{−1
2
(u u¯)
(
Φ¯−1Ψ¯ I
I Φ−1Ψ
)(
u
u¯
)} n∏
j=1
du¯jduj
2πi
= |c|2
[
det
(
I Φ−1Ψ
Φ¯−1Ψ¯ I
)]−1/2
.
det
(
I Φ−1Ψ
Φ¯−1Ψ¯ I
)
= det
[(
I 0
− Φ¯−1Ψ¯ I
)(
I Φ−1Ψ
Φ¯−1Ψ¯ I
)]
= det
[(
I −Φ−1Ψ
0 I
)(
I Φ−1Ψ
Φ¯−1Ψ¯ I
)]
= det
(
I −Φ−1ΨΦ¯−1Ψ¯
0 I
)
= det(I − Φ−1ΨΦ¯−1Ψ¯) = det(I − Φ−1ΨΨ∗Φ∗−1)
= det(I − Φ−1(ΦΦ∗ − I)Φ∗−1) = det(Φ∗Φ)−1,
where we have the relation (A.1). The constant c is calculated to be
c = θ(det ΦΦ∗)−1/4, |θ| = 1,
and we get the following result.
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A.2.3. Proof of Theorem 3. Proof. Consider the operator
(A.2) aj(t) = e
itHaje
−itH , a∗j (t) = e
itHa∗je
−itH .
Differentiating with respect to t, we have
1
i
daj(t)
dt
= [H, aj(t)] = [H(t), aj(t)] = e
itH [H, aj ]e
−itH
= eitH{−fj}e−itH = −fj ,
1
i
da∗j (t)
dt
= [H, a∗j (t)] = [H(t), a
∗
j(t)] = e
itH [H, a∗j ]e
−itH
= eitH f¯je
−itH = f¯j.
Integrating this system, we have
aj(t) = aj − itfj , a∗j(t) = a∗j + itf¯j .
Thus (A.2) is a linear canonical transformation of Theorem 4.1. There-
fore the kernel U(u¯, v) has the form (4.4). In order to find c precisely,
we differentiate U(u¯, v) and eitH and compare them.
1
i
d
dt
U(u¯, v) =
(
1
i
dc
dt
+ c
n∑
j=1
(fj u¯j + f¯jvj)
)
U(u¯, v)
= c
n∑
j=1
(
fju¯j + f¯j
∂
∂u¯j
)
U(u¯, v) = c(
n∑
j=1
(fju¯j + f¯jvj) + itf¯jfj)U(u¯, v)
As a result we obtain
1
i
dc
dt
= itc(
n∑
j=1
f¯jfj), and c = exp
{
−1
2
t2
n∑
j=1
f¯jfj
}
.
A.2.4. Proof of Theorem 4. Proof. Consider the operator
(A.3) aj(t) = e
itHaje
−itH , a∗j (t) = e
itHa∗je
−itH .
Differentiating with respect to t, we have
1
i
daj(t)
dt
= [H, aj(t)] = [H(t), aj(t)] = e
itH [H, aj ]e
−itH
= eitH
n∑
k=1
−{Cjkak +Bjka∗k}e−itH = −
n∑
k=1
{Cjkak(t) + Bjka∗k(t)},
1
i
da∗j (t)
dt
= [H, a∗j (t)] = [H(t), a
∗
j(t)] = e
itH [H, a∗j ]e
−itH
= eitH
n∑
k=1
{B¯jkak + C¯jka∗k}e−itH =
n∑
k=1
{B¯jkak(t) + C¯jka∗k(t)}.
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Integrating this system, we have
aj(t) =
n∑
k=1
(Φjkak +Ψjka
∗
k), a
∗
j (t) =
n∑
k=1
(Φ¯jka
∗
k + Ψ¯jkak),
where (
Φ Ψ
Ψ¯ Φ¯
)
= exp
{
it
( −C −B
B¯ C¯
)}
.
Thus, Eq. (A.3) is a linear canonical transformation. In order to find
c precisely, we differentiate U(u¯, v) and eitH and compare the results.
1
i
d
dt
U(u¯, v) =
(
1
i
dc
dt
+ c
1
2i
(vu¯)
d
dt
(
A11 A12
A21 A22
)(
v
u¯
))
U(u¯, v)
= c
1
2
(
u¯Bu¯+
∂
∂u¯
B¯
∂
∂u¯
+ 2u¯C
∂
∂u¯
)
U(u¯, v).
Put v = u¯ = 0. Then we have
1
i
dc
dt
= c
1
2
∑
ij
B¯ijA
22
ij = c
1
2
∑
ij
A22ji B¯ij = c
1
2
TrA22B = −c1
2
Tr (Φ−1ΨB).
We shall seek c in the form c = (detM)−1/2. From the formula detM =
eTr logM , we find
d
dt
detM =
(
d
dt
Tr logM
)
detM = Tr
(
d
dt
logM
)
detM =
Tr
(
M−1
dM
dt
)
detM.
Thus we obtain the equation for M :
1
i
Tr
(
M−1
dM
dt
)
= Tr (Φ−1ΨB).
Recalling that the operators Φ,Ψ are the solution of the equation
1
i
d
dt
(
Φ Ψ
Ψ¯ Φ¯
)
=
(
Φ Ψ
Ψ¯ Φ¯
)( −C −B
B¯ C¯
)
,
we have
1
i
Φ−1
dΦ
dt
= −C + Φ−1ΨB¯.
We now set M = ΦeitC , then we have
1
i
Tr
(
M−1
dM
dt
)
= Tr
(
e−itCΦ−1
(
1
i
dΦ
dt
eitC + ΦCeitC
))
= Tr
(
e−itCΦ−1
1
i
dΦ
dt
eitC + e−itCCeitC
)
= Tr
(
e−itC(−C + Φ−1ΨB¯)eitC + e−itCCeitC) = Tr (Φ−1ΨB¯).
Thus c = (det ΦeitC)−1/2. Therefore the kernel U(u¯, v) has the form
(4.5), (4.6).
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A.3. Proofs for Section 6.
A.3.1. Generalized Bell basis. First we show completeness:
π−1
∫
e−α¯αeu¯0u¯1e−α¯u¯1eαu¯0ev0v1e−αv1eα¯v0dx−dp+
= π−1
∫
e−α¯αeu¯0u¯1eα¯(v0−u¯1)eα(u¯0−v1)ev0v1dx−dp+
=
∫
e−α¯αeu¯0u¯1eα¯(v0−u¯1)eα(u¯0−v1)ev0v1
dα¯dα
2πi
= eu¯0u¯1e(u¯0−v1)(v0−u¯1)ev0v1 = eu¯0v0eu¯1v1 .
This is the kernel of the identity operator (see (4.1)). Thus (6.1) is a
complete system.
In order to show that (6.1) is an orthogonal system, we rewrite the
vector
∑∞
n=0(D(α)|n〉0)⊗ |n〉1 of (6.1) as
e−|α|
2/2ev¯0v¯1e−α¯v¯1eαv¯0 = e−|α|
2/2ev¯0v¯1e−(x−−ip+)v¯1e(x−+ip+)v¯0
= e−|α|
2/2ev¯0v¯1ex−(v¯0−v¯1)eip+(v¯0+v¯1) =
= e−|α|
2/2e−(v¯0−v¯1)
2/4e(v¯0+v¯1)
2/4ex−(v¯0−v¯1)eip+(v¯0+v¯1).
A.3.2. Proof of Orthogonality relation (6.2). This is a straightforward
calculation:
〈x′−|x−〉 = π−1/2e−x
′2
−
/2e−x
2
−
/2
∫
e−u
2
0/2e
√
2x′
−
u0e−u¯
2
0/2e
√
2x−u¯0e−u¯0u0
du¯0du0
2πi
= π−1/2e−x
′2
−
/2e−x
2
−
/2
∫
e−2q
2
e
√
2q(x′
−
+x−)ei
√
2p(x′
−
−x−)dqdp
π
= π−1/2e−x
′2
−
/2e−x
2
−
/2
∫
e−(q
2−q(x′
−
+x−))eip(x
′
−
−x−)dqdp
2π
= π−1/2e−x
′2
−
/2e−x
2
−
/2
√
πe(x
′
−
+x−)2/4δ(x′− − x−) = δ(x′− − x−),
and in a similar way
〈p′+|p+〉 = δ(p′+ − p+).
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